Gwinner [14] , Ansari et al. [1] , Ding et al. [12] , and Nessah [18] introduced and studied the following nonlinear inequality problem of finding x ∈ X such that g(x) ∈ C(x), φ(x, y) ≤ Re f , y − g(x) , ∀y ∈ C(x), (1.1) where ·, · is the pairing between F * and F, in the case where E = F, X = Y , g = id X and C(x) = Y , for all x ∈ X. This problem is equivalent to the problem of solving the GgQVI, where T(y) = 0, for all y ∈ Y and ψ(x, y) = φ(x, y) ≤ Re f , y − g (x) .
It is to be noted that in all the previous works, it is assumed that the function φ(x, y) is defined on the cartesian product X × X of the same set X. In contrast, in GgQVI, the function φ(x, y) is defined on the cartesian product of two different sets X × Y . This generalization opens more possibilities for applications of the quasivariational inequalities. One of the potential areas of application of the GgQVI is game theory. Indeed, the existence of some equilibria like the strong Berge equilibrium [16] requires a function φ(x, y) defined on the product of two different sets.
Let us consider the following notations. Let Y be a subset of a topological vector space. Let K be a subset of Y and x ∈ K.
(1) The tangent cone of K in x is defined by
2) The normal cone of K in x is defined by
Note that A is the closure of the subset A and ∂A is its boundary. Consider X a nonempty subset of a metrical space E, Y a nonempty subset of a locally convex space F. Let 2 Y be the set of all the parts of Y .
A map C : X → 2 Y is said to be upper semicontinuous if the set {x ∈ X such that C(x) ∩ A = ∅} is closed in X, for all closed set A in Y [25] ; it is said to be closed if the corresponding graph is closed in
A function f : Y → R is said to be upper semicontinuous if for all y 0 ∈ Y , for all λ > f (y 0 ), there is a neighborhood v of y 0 such that for all y ∈ v, λ ≥ f (y); f is said to be continuous if f and − f are upper semicontinuous. We say that f is quasiconcave if for any y 1 , y 2 in Y and for any θ ∈ [0,1], we have min{ f (y 1 ), f (y 2 )} ≤ f (θy 1 + (1 − θ)y 2 ); f is said to be quasiconvex if − f is quasiconcave.
A function f : Y → F * is said to be upper hemicontinuous along line segments in Y if for all y 1 , y 2 ∈ Y , the function z → f (z), y 2 − y 1 is upper semicontinuous on the line segment [y 1 , y 2 ].
We say that the map C :
We say that the map C : X → 2 E satisfies [4] (1) the tangential condition if
where X is assumed to be convex, (2) the dual tangential condition if
(1.5)
We will use the following results.
Lemma 1.1 [4] . The tangential condition (1.4) implies the dual tangential condition (1.5 
Lemma 1.4 [8] . (
Proof. Consider the map Υ defined as follows:
Let us prove that Υ is upper hemicontinuous. Indeed, let g(x) ∈ g(X) and p ∈ Y * , we have
Re p, y = sup
Re p, y . (1.8)
, then we obtain y = z − g(x) and
Since C is upper hemicontinuous and p, g are continuous functions, then we conclude that F is upper hemicontinuous. Thus, the map Υ is upper hemicontinuous with nonempty, closed, and convex values. Since g is continuous on the compact X, then Weierstrass theorem implies that g(X) is compact. Taking into account condition (2) of Lemma 1.5 and the fact that for
is convex in a Hausdorff locally convex space, then all the conditions of the zero-map theorem [7] are verified for Υ. From this theorem, we deduce that there exists
Existence of solution
In the following theorem, we establish a sufficient condition for the existence of a solution of the GgQVI. 
which must be open.
Then, there exists an
Proof. We divide the proof into three steps.
Step 1. There exists a point x ∈ X such that g(x) ∈ S(x) and
According to separation theorem and considering the fact that S(x) is nonempty, convex, and closed, g(x) / ∈ S(x) implies that for all x ∈ X, there exists q ∈ F * such that
Assumptions (3), (4), and (7) of Theorem 2.1 imply that the sets V 0 , V q , and q ∈ F * are open in E.
The equality (2.3) implies that X ⊂ V 0 ∪ q∈F * V q . Since X is compact, it is possible to cover it by a finite number n of its subsets {V 0 ,V q1 ,...,V qn }. Let {h i } i=0,...,n be a continuous partition of unity associated with the subcover {V 0 ,V q1 ,...,V qn }.
Let us introduce the function Φ :
.
We now show that there is an x ∈ X such that
Assume that
Consider the following set: Consider the map
defined by
where
We now show that the map M is upper semicontinuous on X, with nonempty, convex, and closed values in Y and satisfying that for all g(x) ∈ ∂g(X), there exists u ∈ X, there exists α > 0 such that αg(u)
(1) Let us prove that for all
is linear on R r . Therefore, it is continuous over the compact set S and according to the theorem of Weierstrass [5] , there exists λ ∈ S such that
(2.13)
There is a sequence {z k } k≥1 of elements of M(x) which converges to z.
As a consequence of the fact that for all
Taking into account condition (6.1) of Theorem 2.1 and the fact that p i ∈ Y * , i = 1,r with k → +∞, we obtain
Let x ∈ X and let z, z be two elements of M(x) and θ ∈ [0,1]. We now show that θz
Since z and z are two elements of M(x), we have max λ∈S
Taking into account condition (6.2) of Theorem 2.1, the fact that p i ∈ Y * , i = 1,r, and inequality (2.16), we obtain
(4) M is upper semicontinuous. According to Lemma 1.2, it is sufficient to show that the graph of M is closed in the compact set X × Y .
Let (x,z) ∈ Graph(M). There is a sequence {(x k ,z k )} k≥1 of elements of Graph(M) which converges to (x,z). Therefore, for all
Taking into account condition (6.1) of Theorem 2.1 and the fact that p i ∈ Y * , i = 1,r, when k → ∞, we obtain max λ∈S r i=1 λ i Φ(x, y i ) ≤ Φ(x,z); that is, z ∈ M(x). Hence, (x,z) ∈ Graph(M). In other words, Graph(M) is closed.
(5) For all g(x) ∈ ∂g(X), there exists α > 0, there exists u ∈ X such that αg(u) 
From (1)- (5), we deduce that M satisfies all conditions of Lemma 1.5. Hence, there exists a point x ∈ X such that g( x) ∈ M( x); that is, g( x) ).
Consider the set J = {i ∈ {1, ...,r} such that ,g( x) ).
Then, we have i∈J g( x) ), which is impossible.
Thus, we conclude that there exists x ∈ X such that sup y∈Y Φ(x, y) = Φ(x,g(x)), that is, for all y ∈ Y , we have
(2.24) g(x) ). According to Lemma 1.1 and condition (4) of Theorem 2.1, we have
which contradicts inequality (2.25). We then conclude that h 0 (x) > 0. The inequality h 0 (x) > 0 implies that x ∈ supph 0 ⊂ V 0 . Therefore, y) is continuous on the compact S(x), it follows that according to Weierstrass theorem [5] , there exists g(x) ), for all y ∈ Y , which contradicts inequality (2.29). Therefore,
We have
Inequalities (2.29) and (2.32) imply that
which contradicts (2.23) . This contradiction proves the statement of Step 1.
Step 2. We have
Indeed, from Step 1, g(x) ∈ S(x) and S(x) is a convex subset of X. We have also
Hence, by assumption (6.2) of Theorem 2.1 and Lemma 1.3, we have
Step 3. There exists a function
), for all y ∈ S(x).
From
Step 2, we have sup where T(g(x) ) is a weak * -compact convex subset of the Hausdorff topological vector space F * and S(x) is a compact convex subset of X. Indeed, define : ψ(x, y) for all y ∈ S(x) and for all f ∈ T (g(x) ). For each y ∈ S(x), the function f → ( f , y) is linear and continuous on T (g(x) ) and for each f ∈ T (g(x) ), the function y → ( f , y) is quasiconcave on S(x). Thus by Lemma 1.2, we have
(2.37) From Theorem 2.1, we deduce the following g-maximum equality theorem [20] . Remark 2.6. Corollary 2.5 (g-maximum equality theorem) is a generalization of the minimax inequality (see Fan [13] ).
